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Visibility of the lunar crescent
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SUMMARY

Prediction of the first visibility of the lunar crescent is a difficult problem involving
astronomy, meteorology, and physiology. Historically, this problem has been attacked
by an empirical approach where some set of observations is used to deduce a criterion
for visibility. In this paper, I present a list of 201 observations and their observing
circumstances for use in deriving and testing prediction algorithms. I find that criteria
involving the moonset lagtime and the Moon’s age are quite bad in their predictive
ability. Criteria involving the relative altitude and azimuth of the Moon at sunset are
better, yet still can yield incorrect predictions within a zone of uncertainty with a width
of over 105 degrees in longitude. The new theoretical model of Schaefer (1988) is found
to have a zone of uncertainty with an average total width of 47 degrees in
longitude.

INTRODUCTION

The Islamic lunar calendar is based on the visibility of the lunar crescent,
in that the first day of each month is that day after new Moon on which the
crescent is first sighted at a given locality. This visibility requirement makes
it difficult to predict in advance the details of the calendar. Because the ability
to predict a calendar is necessary for the calendar’s utility, the lunar visibility
problem is a strong candidate for being the one ‘non-trivial” astronomical
problem that has the greatest effect on the everyday lives of the most
people.

As such, the problem has long been the central focus of Islamic
astronomers, especially during the classic era of Islam. The early algorithms
to predict the crescent visibility were rules of thumb, usually involving the
distance between the Sun and the Moon in some coordinate system.
Presumably, these rules were based on some set of observations taken from
one locality.

In the modern era, almost all algorithms adopt this same approach and are
effertively derived from one particular set of observations. These 76
observations were originally catalogued in the Monthly Notices of the Royal
Astronomical Society in 1910 (Fotheringham 1910) and are primarily the
work of Julius Schmidt in Athens, Greece from 1859 to 1880. Fotheringham
advanced a reasonable criterion for visibility based on the relative altitude
and azimuth of the Moon at the time of sunset. Further refinements have
been suggested by Maunder (1911), Fotheringham (1921), and Ilyas (1981,
1984).

The above approach has the severe disadvantage that the entire world is
assumed to have the exact same seeing conditions as the average for the site
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from which the criterion was derived. This is like saying that the clarity of the
air from the Amazon basin is the same as on the top of Mauna Kea. Clearly,
the actual criterion for these two sites will differ greatly, yet none of the
empirical algorithms allow for any variation in observing conditions. This
problem is a major source of error, as I find (see below) that the difference
between good conditions and fair conditions will move the location of first
sighting on the Earth by over 105 degrees of longitude. This implies that over
a quarter of the Earth would potentially have a date wrongly-predicted for
the first day of the Islamic month. The region on Earth for which a prediction
is potentially wrong is called the zone of uncertainty. A convenient way to
measure the size of this zone is to quantify the longitudinal extent of the zone
at, say, temperate latitudes. The ultimate goal of research on lunar visibility
is to reduce the size of the zone of uncertainty as much as possible.

In an effort to improve this situation, Bruin (1977) pioneered a modern
astrophysical approach. His approach was to model the reflectivity of the
Moon and the actual physical processes in the human eye and the
atmosphere so as to be able to calculate whether the Moon would be visible
under any given conditions. Unfortunately, his work used a number of
grossly incorrect assumptions, including an assumed lunar surface brightness
that is many orders of magnitude in error, a twilight sky brightness that
depends only on solar depression angle, physiological data that are not
corrected for pupil diameter, colour, or binocular vision, and the equation
of the visibility of the unevenly illuminated crescent with the visibility of a
uniform circular disk 100 times smaller than the Moon. Finally, Bruin takes
no account of the changing observing conditions.

I have tried to follow in Bruin’s footsteps (Schaefer 1988) while using
accurate physical, meteorological and physiological equations. My model
predicts whether or not the Moon will be visible under any set of observing
conditions. I explicitly include atmospheric clarity which is calculated from
the site’s altitude, latitude, temperature, relative humidity, aerosol content
and the time of year. This mathematical model is combined with a lunar and
solar ephemeris to yield a computer program which will predict the date of
the first crescent sighting from any location.

For a test of my model and other models, I have collected 201 observations
of lunar visibility from the astronomical literature. These observations and
their circumstances are presented in this paper so that researchers can devise
and test algorithms without having to perform exhaustive literature searches
followed by extensive calculations. This listing contains 125 more ob-
servations than the last published catalogue (Fotheringham 1910) and
corrects a number of calculational errors that have appeared in the literature.
In addition, the calculated circumstances are presented with uniform and
stated definitions.

OBSERVATIONS

The observations have been collected from the astronomical literature
because this is the largest body of data available from experienced
observers. Yet even this body of observations has several obviously incorrect
reports. So the positive sightings of King, Willimot (Fotheringham 1921),
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Horner (Maunder 1911), Hoare (Ashbrook 1971), and Coleman (1932) are -
impossible by any reasonable criterion. In all five cases, I find that the Moon
was difficult to detect on the next night, so that a simple error of date is
indicated. Indeed, I personally made similar mistakes for observations 165
and 168 in placing the dates one day earlier, until careful examination of
travel schedules and old personal calendars showed the earlier dates to be
wrong. The negative sightings of Mommsen (numbered 73 and 74 in
Fotheringham 1910) are meaningless because the attempts were made
through clouds.

The specifics of all 201 observations are given in Table I. Column number
I contains a reference number for each observation. Columns 2—4 give the
year, month, and local date on which the observation was made. Column 5
indicates whether the observation was made in morning or evening twilight.
Column 6 contains the Julian date of the appropriate new Moon conjunction
as given by Morrison (1966). Column 7 gives the name of the observer (a T
indicates that additional observers were present). Column 8 gives a number
which indicates the reference for the observation, with a key being given in
a footnote to the table. Column 9 gives either a ‘V’ if the Moon was visible
or an ‘I’ if the Moon was not sighted. Column 10 is blank if no optical aid
was used. If instead, a pair of binoculars was used to find the Moon and
then the Moon was spotted with the naked eye, then an ‘F’ is given. If the
Moon was only visible in binoculars or a telescope, then a ‘B’ or ‘T’
respectively is given. The next three columns (11-13) give the latitude (in
degrees), longitude (in degrees east of Greenwich), and altitude (in feet above
sea level) of the observing site. Columns 14 and 15 give the relative humidity
(in per cent) and temperature (in degrees Fahrenheit) that are expected at the
site at the time of observation (cf. Pearce & Smith 1984). Column 16 contains
the estimated aerosol extinction coefficient (in units of hundredths of a
magnitude per air mass) which includes contributions from dust, smog, and
volcanic particulates. Hence observations from large cities or cities with
smog problems have a coefficient which is appropriately larger (cf. Flowers,
McCormick & Kurfis 1969). The volcanos considered are those of Krakatoa
(1883), Mt Pelée (1902), Katmai (1912), Agung (1963), and El Chichon
(1982) which are known to be the primary depositors of stratospheric dust
since 1850. The volcanic component is taken to decay exponentially with a
time scale of two years. The amplitude can be deduced for the various
eruptions from data in Abbott et al. (1908-54), Angione & de Vaucouleurs
(1986), Gutierrez-Moreno, Moreno & Cortes (1982), Lockwood &
Thompson (1986), Mendonca, Hanson & DeLuisi (1978), Miles (1983),
Przybylski (1964), and Rufener (1986). The only observations substantially
affected by volcanos are observations numbers 86 and 112. The next four
columns (17—20) give the arc of light, the arc of vision, the relative azimuth,
and the age of the Moon for the time during twilight when the Moon is best
visible on the night of observation. The time of best visibility is taken to be
when the R value (see later) is at a maximum. The presentation of these
results for the time of best visibility ensures that no latitude effects will be
important. The arc of light is taken to be the geocentric angular distance (in
degrees) between the centres of the Sun and Moon. The arc of vision is taken
to be the depression angle of the Sun plus the altitude of the centre of the
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F1G. 1. Relative placement of the Sun and Moon. The three quantities ARCL, ARCYV,
and DAZ define a right spherical triangle with the hypotenuse connecting the
geocentric centres of the Sun and Moon and the legs orthogonal to the altitude and
azimuth coordinate system. No refraction or parallax corrections are included in the
tabulated values, although these corrections are of course included in the calculation
of lunar visibility of Schaefer’s model. The tabulated quantities in Table I were
calculated for the time of best visibility on the night of observation (unlike the
discussions by Fotheringham, Maunder, and Ilyas) so that latitude effects will not be
present.

Moon (in degrees with no parallax or refraction corrections). The relative
azimuth (in degrees) is that of the centre of the Moon relative to the centre
of the Sun, with a negative sign indicating that the Moon is more northerly
along the horizon. The arc of light (ARCL), the arc of vision (ARCV), and
the relative azimuth (DAZ) are illustrated in Fig. 1. The age of the Moon is
given in hours of time from the instant of conjunction with negative values
indicating observations in morning twilight. The moonset lagtime (column
21) is the length of time in minutes between the time of sunset (or moonrise)
and moonset (or sunrise). Column 22 gives the visibility of the Moon in terms
of its R value (see next paragraph) at the time of best visibility. The value in
the column after the © + ’ sign is the calculated one sigma error in the R value.
Column 24 gives either a ‘Y’ or an ‘N’ depending on whether the model
calculation of Schaefer (1988) agrees with the observation or not. The final
column (25) gives the significance of the observation as calculated by this
model, that is, R (column 22) divided by DR (column 23) rounded off to the
nearest integer. A negative value indicates disagreement between model and
observation. If no number is given in parentheses, then the observation is
‘trivial’ in the sense that the Moon was very easy to detect (i.e. the value is
ten or greater).

The R value calculated from my model is a logarithmic measure of the
visibility of the Moon. It is calculated as the log of the actual total brightness
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of the Moon divided by the total brightness of the Moon needed for visibility
for the given observing conditions. A positive value implies that the Moon
should be visible, while a negative value implies invisibility. So column 24
should be a ‘Y’ if the Moon is predicted to be visible (column 22 contains
a positive number) and the Moon was actually observed (column g is a ‘V’).
Similarly, column 24 should be a ‘Y if column 22 is negative and column g
is an ‘I’. R is calculated such that an adult with average eyesight will have
a 50 per cent probability of detecting the Moon in a cloudless sky for the
given observing conditions for an R value of zero. My experience indicates
that observing the Moon is difficult if R is less than 1 and is easy for R values
greater than 2. The estimated error in R (DR in column 23) is calculated from
the change in R when the observing conditions and the observer’s detection
probability are changed by 1 o.

DISCUSSION

The data presented in the table can be used to evaluate the various
prediction algorithms: the ancient Babylonians suggested a visibility
criterion based on the time difference between sunset and moonset (Ilyas
1984). Their criterion claims that the Moon will be visible if this moonset
timelag is greater than 48 minutes. Ilyas (1984) has demonstrated that this
criterion should actually be stated as a weak function of season and latitude.
The moonset lagtime criterion can be tested by comparing the lagtimes from
column 21 of Table I with the visibilities given in column g. In fact, over half
of the positive sightings and over a quarter of the negative sightings are in
contradiction with either the Babylonian rule or Ilyas’ modification. There is
a large selection effect in that (especially positive) observations tend to be
reported if they are critical and hence with a greater chance of violating the
criterion. The smallest lagtime for a visible Moon is 22 minutes (observation
44) while the largest lagtime for an invisible Moon is 84 minutes (observation
22), hence the uncertainty in the critical lagtime is at least 62 minutes. On
average, the Moon will set 54 minutes later on any two successive days, so
an uncertainty of over §4 minutes in the critical lagtime implies that no
location on Earth can have a certain prediction by the moonset lagtime
criterion.

The Moon’s age has also been used as a criterion for predicting lunar
visibility, typically with a cut off of around 24 hours for temperate latitudes.
Ilyas (1983) has shown that the age is not a reliable criterion for temperate
latitudes. His range of critical ages varies between 17 and 33 hours at a
latitude of 30 degrees. However, even on the equator, the range of critical
ages will vary from 16 to 25 hours. This range will increase when either the
latitude is increased or the uncertainties of the weather are included. In the
data from column 20 of Table I, the youngest visible Moon is 149 hours
(observation 119) while the oldest invisible crescent is 51 hours (observation
22). Over half of the positive observations and a quarter of the negative
observations violate the simple 24-hour criterion. Once again selection effects
will weaken the force of this statistical argument. For every hour of
uncertainty in the critical age, there will be additional 15 degrees in the
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F1G. 2. Comparison of predictions and observations for Schaefer’s model. This
histogram shows the number of observations as a function of the calculated
significance of detection. Along the horizontal axis, the significance (i.e. R divided by
DR) is a measure of agreement between the observations and the model of Schaefer
(1988). The values plotted are taken from the last column of Table L. Positive values
indicate agreement between the model and observation, whereas negative values
indicate disagreement. A total of 33 observations are not included in this histogram
because they are ‘trivial’ in the sense that the R/DR is greater than 10. The rise in
numbers as the ratio of R to DR is decreased is due to the selection effect that critical
observations are preferentially reported. The fall to zero in the numbers to the right of
zero is due to the lack of observations which greatly disagree with the model.

longitudinal extent of the zone of uncertainty. So even in the ideal case of the
equator (with no weather variations) the zone of uncertainty will extend over
135 degrees of longitude. For realistic cases at temperate latitudes, the entire
world will have an uncertain prediction.

The altitude/azimuth criterion of Fotheringham and others can be tested
by plots of columns 9, 18, and 19 in Table I. The error in the critical altitude
at sunset is over 2-5 degrees (compare observation 44 with 59, 1713, 176,
1801, 184-5, and 187 for small relative azimuth and observation 2 with 28,
99, and 100 for large relative azimuths). This is a lower limit on the practical
range of uncertainty because there is a strong selection effect for the
reporting sites to be of good quality and hence relatively uniform (whereas
sites needing lunar visibility predictions can have a wide range of quality).
Along a given latitude, the altitude at sunset will change by roughly half a
degree times the cosine of the latitude for every extra hour of time, which
adds an extra 15 degrees of longitude to the width of the zone of uncertainty.
For temperate latitudes, this implies a zone of uncertainty greater than 105
degrees in longitude. For the specific case of Ilyas’ implementation of
Fotheringham’s criterion (Ilyas 1984), observations 184, 185, and 187 are 40,
48, and 54 degrees away from the predicted line of critical visibility, implying
the total width of the zone of uncertainty to be 108 degrees in longitude.

The R criterion of Schaefer (1988) can be tested by examining a histogram
of the significances of the observation (the final column in Table 1) as
presented in Fig. 2. Theoretically, I would predict that the histogram should
rise as R is decreased to zero because of the selection effect to report only
critical observations. For negative values of R, I would expect that the
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histogram should resemble a Gaussian distribution with a mean of zero and
a variance of unity. The actual observed histogram apparently has the break
at more like 0-5 and a standard deviation of 1-5. This implies that my model
is slightly optimistic in its predictions and that the probabilities of error are
slightly underestimated. Based on my experience with heliacal rise ob-
servations (Schaefer 1987), the relative excess of discrepant negative
observations is undoubtedly due to unrecognized low-altitude clouds and
haze layers. This effect is hard to quantify and has not been included in my
model. However, since this is apparently a real if small effect, the probability
distribution within the zone of uncertainty is slightly more pessimistic than
my a priori calculations would predict. The size of the zone of uncertainty
will vary widely from lunation to lunation. Typically, the zone will be largest
during local summer because the atmospheric content of precipitable water
is usually large and relatively unpredictable. Even for a given lunation, the
zone will have a variable width as a function of latitude depending on how
the climate varies. However, as an average, the width can be calculated by
comparing the average change in R over one day with the largest uncertainty
in R. The average change in R between the day of first visibility and the
previous day is 4-3. The average value of DR (column 23 of Table I) 1s 0-23.
The observation with the largest discrepancy (column 25) is 2-5 (observation
44), hence the average largest DR will be 0-57. This is 13 per cent of the daily
variation. The full width of the zone of uncertainty will be on average 13 per
cent of 360 degrees, or 47 degrees in extent.

CONCLUSIONS

I have collected 201 observations of lunar visibility and have evaluated
several prediction algorithms. Criteria involving the moonset lagtime and the
Moon’s age are found to have zones of uncertainty which typically cover
the entire Earth. The altitude/azimuth criterion is found to have a zone of
uncertainty with a width over 105 degrees in longitude. The algorithm of
Schaefer (1988) is found to have a zone of uncertainty which is less than half
the size of any other algorithm.
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